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<7XVnn wo`bpugqY7kv	Yir:QdjiQerdCYJer EpuiQdjcVgq`binkpGgqilepqmegh`bendjdbt`bkVTViQWinnY7kVYXiQcpG a`bkVY	gh`bvWi s YXd
¡iQyvXiQendjYJpqvX`jkVmeryqgq`fv	dbY7pC`fpCmyqiQY s£¢ Y7eQvTmenyugh`bvXdjYY7`jk` s YXk2gh`¥¤Y s at`jghp4W¦enphp ¢ WinWY7kQghcVWerk s
mHiQpq`jgq`bink¨§S4TVYdferyhnYgq`bWY v	iQk2QYXyhnY7kv	Y©gqi¦ª7YXyhi¦`bpGendbpqi«pqTVi#k¨§:S4TVYv	inyhkVYJp{ghinkVY[ir¬iQcVyGerkendjtopq`bp
`fp4ghTeg ¢ ¡inyGenk2tkVinkVkYXQergq`bnYerk s vXinkanYXw«¡cVkv	gq`bink ¢ ghTVYenphpqiavX`bergqY sl­ yhdj`fv	ª[kViQyqW®`bpGe¯$`benmVcVkVi




µE¶2·.¸h¹ º »<n  wo`bpugqY7kv	Y ¢ pughenV`bdj`jg{t ¢ CYJer ¼enk s pugqyhinkRvXinWmenv	gqkVYJpqp ¢ dbinkVRgh`jWY½enpqtaWmogqingq`fv
HYXTeP2`biny ¢ ¯¨`fermVcVki©¡ckv°gh`jiQkVkerd ¢  a`jkY	gq`fvv	iQendjYJpqvXYXkvXY ¢r­ yqdb`fv	ª:kinyhW ¢ WiQW]Y7k2ghp ¢ Y7k2gqyhinmV`bY7p ¢ pumVyePt ¢
s yqiQmVdjYXghp ¢Vs takerW`fv[p{ghYXdbdbeny ¢V¾ enkVYXmingqYXk2gh`bend ¢  a`bkVY	gh`bv[Y7kVYXyhnt
∗ ¿<À{ÁÂÃ¡ÄÅÂÆ#À{Ç	ÄAÈ]ÉPÀ[ÊÂhÄ,À{ÆGËhÄAÌÎÍuÂÏqÐ.ÑÇPÌ Ò	À{ÃÓÏAÌÎÉÂÉÉPÀ{Ô$ÕVÂÖÎÏ×.ÂÏ,Í{ÈPÐ£Ø<ÁÂÃ¡ÄAÂÉPÈ¦ÙÚ°ÚPÐ¨ÛoÜXÚ	Ý°Þ°Ý°Þ]ß.ÌÎÔÎàÂÈPÐ£á7ÁÂÌÎÇ2â
ÛãäÆGÂÌÎÔoå2æJçèXéXêÅæPë{æPì	íhîVïäéhð°ñïäéXê
† ÊÂhÄAòPó{ÆGÂhÄ,ÌÎô7õJÀuÏÁrÈ°õPÃÔfö ÷äÇPÉPõPÏÓÄAÃÓÌÎÀ£À³ÄÔøÂÕò	ùJÏ,ÌÎô7õJÀ	Ð7ú£ûü<á?Ñ<Êü¦ý°ÙÚ	ÞJÐXÑ$ÇPÌ Ò	À{Ã,Ï,Ì ÄAó¨ÕVÂõPÔrá7ÂàÂhÄAÌÎÀ{ÃäÜXþoÈ°õPÔÎÈ°õPÏ,À<ÿJÐ
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    GiQcp s XWiQkQghyqiQkpd Y	wo`fp{ghYXkvXY¦ndbinendjY s Y¦pqindbcogq`binkp[mHincycVkVY¦7´2cergq`bink v	`bkV	gh`b´2cVY
Wi s 7dj`fpqenk2gdfe v	i2erdbY7phv	Y7kv	Y s YEmenyugh`bvXcVdjYJp¦` s YXk2gq`j¤7Y7p¦meny¦djY7cVy«W¦enphpqY ¢ dbYXcy«`jWmVcdbpq`jiQk Y	g«dbYXcVy
mHiQpq`jgq`bink¨§<Gincp0W]iQk2gqyhinkp<´2cVYCdbY7p¬pqindbcogh`jiQkp¨ghYXk s YXk2g¬nYXyp
0
eQputaWmoghirgq`f´2cVYXWY7kQg0YXk gqY7W]mp0nyerk s §
¯$Y«mHin`bkQg]v	dbY	 s Y«kVingqyhY«erkendjtopqY¦Y7pug dfeEmVyhYXcVQY«´QcY ¢ miQcVyghincoghY¦¡inkv	gq`bink mHiQpq`¥gh`jQY«v	iQk2QY	woY ¢ dbe
kinyhW]Y s  ­ yqdb`fv	ªenphpuiov	`bXYY7pugckVY]¡inkv	gq`binkVkVY7djdbY s Y¦¯¨`fermVckVi.§¯¨Y7p[yh7pqcVdjgherghp s  Y	wo`bpugqY7kv	Y]Y	g s Y
vXinWmHinyqgqYXWY7kQg]enpqt2Wmoghirgh`b´2cVYpqY s  s cV`fpqYXk2g]endjiQyhpmery s Y7p gqY7vTkV`b´2cVYJp s Yv	iQW]menv	`jgqÓer`bVdbYY	g
¡iQyughY s erkp
L1
s erkpCd Y7pqmVyq`jg s Y©dfe gqTV7inyh`jY s Y±©`bx<Y7yqke YXg4¯$`jiQkpmiQcVy4d 7´2cergq`bink s Y[|indjgqª7WenkVk¨§
º J ¸      wo`bpugqY7kv	Y ¢ p{gerV`bdj`jgq ¢ v	iQW]menv	`jgq Óer`bVdbYYXg©¡iQyughY ¢ v	iQW]mHinyqgqY7WYXk2g[eQputaWmoghirgq`f´2cVY ¢
¡iQkv°gh`jiQkVkVY7djdbY s Y¦¯¨`fermVcVki ¢ v	iQendjYJpqvXYXkvXYvX`jkVXgq`f´2cVY ¢ kVinyhWY s  ­ yhdj`fv	ª ¢ WinWYXk2ghp ¢ Y7k2gqyhinmV`bY7p ¢ Qenª
s YQincogqgqY7djYXgugqYJp ¢s takerW`f´QcY[pugqY7djdfer`byhY ¢ mHirgqY7k2gq`bYXd s Y ¾ enkVYX ¢ 7kVYXyhn`bYv	`bkV	gh`b´2cVY
 
	 !"	#%$'&(!"	# 
) * $0 :	
+RY«v	iQkpq` s Y7y[gqTVY-,encvTat½mVyhinVdbYXW ¡inyel a`bkVY	gh`bvYJ´Qcegq`binkRWi s YXdbdj`bkV/.,eg elWY7pqiQphv	iQmV`bvdbYXnY7d10
ghTVY s takerW`fv ine¼pqtop{ghYXW'irmeryqgq`fv	dbY7pcVk s Y7yqQin`bkV vXiQendjYJpqvXYXkvXY2.¡iQypugq`fv at30mVyhiov	Y7php7§ ¾ inyhY
myqYJv	`fpuY7djt ¢0s Y7phv	yh`jV`bkVEghTVY2enp irGmenyugh`bvXdjYJpatRgqTVY s YXkpq`jg{t
f(t, x,m, p) ≥ 0
inGmeryqgq`fv	dbY7p #`¥ghT
W¦eQpqp






x ∈ Ω ⊂ R3
¢
Yp{ghc s tgqTVYYXwa`fpugqYXkv	Yerk s dbinkV]gq`bWYY7TePa`jiQcVy4ir¬puiQdjcVgq`binkpghighTVYY7´2cergq`bink
∂tf + v · ∇xf = Q(f)
`bk
(0,+∞) × Ω × Y,
.54n§6470




:}YXyhY?erk s HYXdbi ¢ `jkiQy s YXy.gqi©puTViQyughYXkgqTY:kVinghegh`jiQkp ¢ Y¬`jk2ghyqi s cvXY¬gqTY?W¦enphp{²ÅWinWYXk2gqcW eryh`benVdbY
y := (m, p) ∈ Y := R+ ×R
3 erk s ghTVYnYXdbiov	`jg{tPenyq`ferdjY v = p/m §0S4TVY[v	indbdb`bpq`jiQk¦inmHYXyeghiny Q(f)`fp4n`bnY7kat
















a(y, y′) f(y) f(y′) dm′dp′.
.54n§ Z%0
S4TYWY7erk`jkVir0gqTVYJpuY gqY7yqW¦pG`fp#ghTVY¡iQdjdbi#`bkV§#±©YXkVingq`bkV«at









iQkVY7p ¢ `A§ YQ§ ¢ at¦ghTVYyhY7env	gq`bink
{y′} + {y − y′}
a(y′,y−y′)
−→ {y} , y′ = (m′, p′) ∈ (0,m) × R3,
enk s
Q2(f)(y)
s YJpqvXyq`bYJpgqTVY s YXmVdbY	gh`jiQkRinCmenyugh`bvXdjYJp
{y}
2tv	iQenncVdfegh`jiQk #`jgqT ingqTVY7ymeryqgq`fv	dbY7p ¢
`A§ Yn§ ¢ at¦gqTVYyhY7eQv°gh`jiQk
{y}+ {y′}
a(y,y′)











¢ gqTVYW¦enphp#erk s WiQW]Y7k2gqcVW Y7`jkV





y′′ = (m′′, p′′) = (m+m′, p+ p′).
=³k]v	iQkQghyheQp{g$gqi©gqTVY4|indjgqªXW¦enkVk YJ´Qcegq`bink¡iny<YXdfenpugq`fv:v	iQdjdb`fpu`binkp ¢ gqTV`fp0`fpenk `byqyhYXQYXypu`bVdbY?W`bvXyqi2pqvXinmV`fv














|v − v′|2 ≥ 0.
x¬eryqgq`fv	dbY7p?YXniQdja`bkVenv7v	iQy s `bkVgqigqTVYJpuY#yhcVdbY7p:enyqY#WYXg ¢ ¡iny?`bkpugherkv	Y ¢ `jk s YXkpqYGpqmVyhePtop0`bkanindbnY s
`bk½v	iQW Vcp{gh`jiQkyhY7eQv°gh`jiQkp ¢ #TVYXyhYdb`b´2cV` sEs yhinmVdbY	gp}eryhYvXenyqyh`bY s 2tle¦2enpqYXincp4mVTenpqYerk s cVk s Y7yqQi
üü ÇAVÚhÚ	Ý
Z  #<  	9 3 		7 
 1#3!"	
vXiQendjYJpqvXYXkvXY}mVyhiov	Y7phpqY7p . s cVYghivXindbdj`fpq`jiQkp 0	§<S4TY s t2kerW`bv7pir$ghTVY s YXkpu`jg{t¦ir<dj`f´2cV` ss yhinmVdbY	gp4eryhY




a(y, y′) = aHS(y, y











ghTVYX`by}QYXdbiov	`jgq`bY7p7§4}irghYgqTegGghTV`bp© nY7yqkYXd$vXinyhyqYJpumHink s pgqi«ghTVYYXdbd¥²Å akVi#kEv	yhiQphpGpqY7v°gh`jiQkl¡iny©Tery s
pqmVTVY7yqYJp¬`bk¦gqTVY|indjgqªXW¦enkVkgqTVY7inyhtn§ =³k¦Óenv	g ¢ Y7´2cergq`bink .54Q§"470¬inkdjtghen nY7p:`jk2ghi env7v	inckQgv	iQendjYJpqvXYXkvXY
enk s kVY7ndbY7v	ghp©gqTVY¡yernWY7kQgegh`jiQkEir?ghTVY s yqiQmVdjYXghp s cVYgqigqTVYenv	gq`bink½in?gqTY2enp ¢ eQp}YXdbd0enp©gqTVY
vXink s YXkphegh`jiQk	PY7PenmiQyhergq`binkir?ghTVY s yqiQmVdbY	ghperk s gqTYY7dbeQp{gh`bv-.¡nyerª7`jk%0#vXindbdj`fpu`binkp}in:|CiQd¥ghªXW¦erkk
g{tamHYn§ :GiYXQYXy ¢ erdbd¬ghTVY7pqY«Y.Y7v	ghp WePtYW]YXggqiQnYXgqTVY7y ¢ ¡iny`bkpughenkv	Y ¢ `bk v	iQW Vcpugq`binkRghTVYXiQyqt
 2A§ =³kgqT`bp#v7enpqY ¢ inkYcpucendjdbtvXinkpq` s YXypgqTVY[¡iQdjdbi#`jkYJ´Qcegq`binkÎ34 
∂tg + ∇x(v g) + ∇v(β g) + ∂r(ω g) = Qcoll(g) +Qbr(g),
¡iQygqTVY s Y7kpu`jg{t
g(t, x, r, v)













s YXkVingqY©gqTVY s yhinmVdbY	g4env7v	YXdbYXyegh`jiQk«erk s YXermHinyegh`jiQk¦yhergqY ¢ yhY7pqmYJv°gh`jQYXdbt ¢ gqTVY©gqY7yqW




Y7dbeQp{gh`bvCv	iQdjdb`bpq`binkp<erk s v	iQdjdb`bpq`binkp$n`b2`bkV©yq`fpuYCgqi©gqTYvXiQerdbY7phv	Y7kv	Y:irVghTVYvXindbdj` s `bkVmeryqgq`fv	dbY7p7§^a`bW`jdfery
YJ´2cegh`jiQkpWePterdfpuiHY[¡incVk s `bkenYXyhiQpqindHgqTYXinyht"ÎnÅ§
~}kVirghTVYXyCmVTatapq`fvXerdpu`jgqcergq`bink¦`bk¦#TV`fvTvXiQendjYJpqvXYXkvXY#iav7v	cVyp¬W¦ePt HY#¡iQcVk s `bk«p{ghYXdbdbeny s takerW`fvXp
`bkgqTVYWi s YXdbdj`bkVir4v	dbinc s pin:meryqgq`fv	dbY7p .ÓQerdfewo`bY7p$# 0R`bk2gqY7yheQv°gq`bkV2terkergughyheQv°gq`bnY ¾ enkVYXEmen`jy
mHirghYXk2gq`ferd
−α/r − ε/r2




.Ó}YX4gqiQkV`ferklmingqY7kQgh`bend10 ¢ gqTYenphpuiov	`feghY s v	yhiQphp{²³puYJv°gh`jiQk«`bp








=³k HirghTRWi s Y7dbp s Y7phv	yh`jHY s TVY7yqY ¢ gqTY«v	iQendjYJpqvXYXkvXYyhergqY
a
v	iQyqyhY7pqmHink s p©ghilgqTVY«vXindbdj`fpu`bink¡yhY	²
´2cVY7kv	tQ§|cog ¢ v	iQdjdb`fpu`binkp]W¦ePt kVingerdbePtop]yhY7pqcVd¥g¦`bk e v	iQenncVdfegh`jiQk¼Y7nYXk2gJ§S4TV`bp]ÓeQv°gv7erk Y
eQvXvXincVk2gqY s ¡inyC2t]ghTVY}`bk2gqyhi s cv°gh`jiQk¦ir$evXiQerdbY7phv	Y7kv	Y}Y&«v	`bYXkvXt
E
.¡yhYXmVyhY7pqYXk2gq`bkVghTVY}myqiQerV`bdb`¥g{t
ghTeg}gqTVYg{i«v	iQdjdb` s `jk¦meryqgq`fv	dbY7p s i¦yqYJerdbdjtp{gh`bv  0°§4S4TVY7k
a(y, y′) = E(y, y′) a0(y, y
′)
¢ #TYXyhY
a0`fpgqTY[¡yqYJ´QcYXkvXt«ir¬v	iQdjdb`bpq`binkp4erk s W¦ePt¦HYn`bnY7k ¢ ¡iny#`bkpugherkv	Y ¢ at .54n§0iQy .54n§ 90 ¢ puY7Y' A§
¯$Y	g¬cp<kVi s YJpqvXyq`bHY:ghTVY#v	iQendjYJpqvXYXkvXY:yeghY
a
gqTeg0CY#`jdbdVv	iQkpq` s Y7y`bkgqTV`fp0mermHYXyJ§ +RY#enphpucW]Y
ghTeg
a
¡cVd¥¤dbp4ghTVYpqt2WWY	ghyqtenk s mi2pu`jgq`ba`¥g{tv	ink s `¥gh`jiQkp




enk s gqTVYpugqyhcv°ghcVyhY[vXink s `¥gh`jiQk




























Yδ,R := (δ, R)×BR
§ =³kmeryqgq`fv	cVdfery ¢ gqTVY[v	i2erdbY7phv	YXkv	YG QYXyhkVYXd
aHS
enk s
aNP¡cd¥¤d¨gqTVYeniQYeQpqpqcVWmogq`binkp ¢ eQp4`¥gG`fp#puTi#k`bkE~GmVmHYXk s `¥wl|©§
~©p¦¡iny
Ω





iny0gqTY}vXeQpuY#in£e[Hinck s Y s¦s inW¦er`bkir
R3
§>=³kghTVYGdfegughYXy:v7enpqY7p ¢ inkYGTenp
ghi«pucmVmVdbYXWYXk2g.84n§64704#`jgqTEY7`¥ghTVYXyGmHYXyh`bi s `bvHinck s eryhtvXink s `jgq`binkp#iny ¢ ¡iny©`jkp{gerkvXY ¢ kVin²A`bkvXinW`jk
 cowv	iQk s `jgq`binkp
γf = 0
iQk




p{gerk s pG¡iQy#gqTVY gqyenvXYir
f
inklghTVY Hinck s eryhtenk s
n(x)
s Y7kVirghY7pGgqTVYincog{4ery s kVinyhW¦erd
ckV`¥g#QY7v°ghinyC¤YXd s § =³kiny s YXyCgqi¦pq`jWmVdb`¥¡tghTVY[mVyhY7pqYXk2ghergq`bink ¢ Y©iQkVdjt«vXinkpq` s YXyCgqTVYv7enpqY
Ω = R3
`bk
ghTVYpuYJ´2cVYXdA§ :GiYXnY7y ¢ Y© QYXYXmgqTYkirghergq`bink
Ω
gqi s ` HY7yqY7k2gq`fegqY[HY	g{YXY7kghTVYpumeQv	Yir$mHiQpq`jgq`binkp
enk s gqTVYpqmenvXY[irWiQW]Y7k2ghe .¡iQy#nYXdbiov	`jgq`bY7p<0°§
+RY[¤kendjdbt¦yqYJ´2cV`jyhY©gqTergghTVY[`jk`¥gh`bend s eghcVWTeQp:¤kV`¥ghY[gqingherd.kacVWY7y#irmeryqgq`fv	dbY7p ¢ ¤kV`¥ghYgqirgerd
W¦eQpqp#enk s ¤kV`¥ghYWY7erkWinWYXk2ghcVW ¢ gqTergG`bp ¢
0 ≤ f in ∈ L1 (Ω × Y, (1 +m+ |p|) dydx) .
.84n§64J;0
­ cVy#W¦en`jklyhY7pqcVd¥g#`fpgqTVY[¡iQdjdbi#`bkV§
 ¶aº  ¶ 	
 # #('	      	 <7!"	# 	
<	;	(@	!
a
<3! ! #   	  #<#(
 # !#"$
	     	 ! ; #1#! 	(#%#!&'#)( 	 	 	+*;1#(#  !"	<#< #! 3
f ≥ 0
    	
<7!"	#<	@ 	 	<,#!-./#0&'21 3 #1#3 	#
f ∈ C([0,+∞);L1(Ω × Y )), Q(f) ∈ L1(ΩT × Y )
 !!
T > 0
41  	 	
ΩT := (0, T )× Ω
   	<5	
∂tρ+
s `b


















mf(t, x, y) dydx
1# '@. 




7 @!!98  	#! 3 #1#! 	(#
f(t) → 0






  #<  	9 3 		7 
 1#3!"	
7 3( 	/' 	  
f in ∈ Lp(Ω × Y )
#'	
p ∈ [1,∞]
   	
t 7−→ ‖f(t)‖Lp(Ω×Y )
1# '
 . @ 	<#< $ <3@ 5 ! 	
.
.84n§64;0
7 @!!98  #( #
f in ⊂ VR = {(x, y) ∈ Ω × Y, |v| ≤ R}
 #  	
R > 0
   	 #( #
f(t) ⊂ VR 8
t ≥ 0
  
f in m |v|2 ∈ L1(Ω × Y )
   1#
f in
 #4  	 @	 	@	$#8  	
t 7−→ ‖f(t)m |v|2‖L1(Ω×Y )
1# '@. 




SiEincVy[ akVi#dbY s QY ¢ ghTVY¦Y	wo`fp{ghYXkvXYir#puiQdjcogh`jiQkpgqighTVY«v	i2erdbY7phv	YXkv	Y]Y7´2cegh`jiQk .84n§6470TeQp[kVirg
HYXY7kpugqc s `jY s tQY	gC#TYXkgqTVY s `fp{ghyq`bVcogh`jiQk«¡cVkv	gq`bink
f




f = f(t,m, p)
¢ YXwa`fpugqYXkv	Yerk s cVkV`f´QcYXkVYJpqp#in0pqindbcogh`jiQkpGeryhY
YJp{gerVdb`fpuTVY s `bk   ¢ #TV`bdjYekacVWY7yq`fvXend¨pqvTVY7WY`bp s YXnY7djiQmY s `bk Å§C¯¨YXgGcp#mHin`bk2gGincog#ghTeg ¢ `bk








§¬GYXQYXyqgqTVY7djYJpqp ¢ gqTVY©g{Ci¡inyhW cVdfegh`jiQkpCenyqY}Y7´2cV`bPendjY7k2genpC`jgC`fppqTVi#k
`bk ~GmVmHYXk s `¥w ~§ + TVYXk ghTVY s `fp{ghyq`bVcogh`jiQk ¡ckv°gh`jiQk
f = f(t,m)
s iaY7p¦kVing s YXmHYXk s iQk
(x, p)
¢
ghTVYY7´2cegh`jiQk .84n§64 0yqY s cv	YJpghi ghTVYEv	dfenphpu`fvXend4^oW]iQdjcvTViGpu a`v	iQenncVdfegh`jiQk Y7´2cergq`bink #T`bvT Tenp
HYXY7kYXwagqYXkpu`bnY7djtEpugqc s `bY s pq`jkvXY ghTVYmV`binkVY7YXyh`jkVinyh in ¾ Y7djªJer   nÅ§ +RYyhY	¡Y7ygqigqTVY¦pqcVyqQYXt
at ~Gd s incp 64enk s gqTYHi2iQ at ±}ciopq 2`  n¡iny eEWiQyqY s Y	ghen`jdbY s s Y7phv	yh`jmogh`jiQk¨§ + TVY7k gqTVY
s `bpugqyh`jcogq`bink¡cVkv°gh`jiQk
f = f(t, x,m)
s iaY7pkVing s Y7mY7k s iQk«ghTVY©WiQW]Y7k2gqcVW ¢ eyhYXdfeghY s Y7´2cegh`jiQk ¢





`fp?Wi s YXdbdjY s at]e s ` .cpu`binkghYXyhW
−d(m)∆xf`bkpugqYJe s inVgqTVY4e s nY7v	gq`bink[ghYXyhW
v ·∇xf
§<^a`bkvXY:ghTVYCinyh op¨at|XkV`bdbenk +Ryqª7iQpqYX  aenk s ,CiQdjdbY	g
x0iQcVmerc s 6494vXinkvXYXyhkV`bkVGghTVY s `fpqvXyqYXgqY s ` .cpq`jQY#v	iQenncVdfegh`jiQkY7´2cergq`bink ¢ YXwo`bpugqY7kv	Y4ir.puiQdjcVgq`binkpgqi
ghTVY©vXink2gq`bkacVincp s ` Hcpu`bnYv	iQenncVdfegh`jiQkY7´2cegh`jiQk¦TenpCHYXYXk`jkanYJp{gh`j2eghY s `bk"  ¢ 4J ¢ Q ¢  4 Å§¬¯¨YXgCcp
mHin`bk2gCiQcogCTVY7yqYGgqTerg:gqTY© QYXt]Y7pugq`bWergqYJp?cpqY s `bk«in$S4TVYXiQyqY7W 4Q§"4}enyqY}`jkgqTVYpumV`byh`¥gir Î  ¢ Q ¢  4A§
+RY¬¤kerdbdjtWYXk2gq`binkghTeg ¢ nYXyht}yhY7vXYXk2gqdbt ¢ e# a`bkVY	gh`bv:Y7´2cegh`jiQk'.¡#`jgqTQYXdbiavX`¥g{teryh`benVdbY70¡inymeryqgq`fv	dbY7p
ck s YXyhniQ`jkdb`jkY7ery4¡yerQWYXk2ghergq`binkTenp4HYXYXkEpugqc s `jY s `bk  4 ¢ Z A§
¶  o       	 
	 	  1# !  9	!98 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	#   	 < #	 1  	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  	   
!"	#9<<	!"	  	 	$5    	' ';	/   ;< 3
   1#
∇v(βf) + ∂m(ωf)
1#';	  -  	 !"	< .   #( 9	8 #!$  3 9	 #(3   !6	 #<#(  .
#   	 9<<	!"	  '	-5     	#$ 7 !!61 %$	 & 
  ! 
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<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 @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ghi'.54n§6470 phegh`bpu¡ta`jkkegqcyhendoiQcVk s p?vXinkanY7yqQY7pCYJer adbt`jk
L1
¢ cmghie[pucVpuYJ´QcYXkvXY ¢ ghiepuiQdjcogh`jiQk






§0S4TYGp{ghyqcv	gqcVyhYGenphpqcVWmogq`bink .54Q§ %0 erdbdjiGp
cp#gqi¦myqiQY[gqTerg ¢ ¡iQy©enk2tkVinkkVYX2egq`bnYenk s v	iQk2QY	w¡cVkv°gh`jiQk ¢ ghTVYeQpqpqiov	`feghY sE­ yqdb`bvXªkVinyhW `bpGe



















¢ pughergq`binkenyqt«pqindbcogq`binkpgqi .54Q§"4 04enyqY




`fpGe]iQcVk s Y s W]YJenpqcVyhYenk s
u ∈ R3
§:S4TYXinyhYXW 4Q§"4[`bWmVdj`bY7p#gqTerg#gqTVYª7YXyhi
pqindbcogh`jiQk]`fp¬ghTVY}iQkVdbtpughegh`jiQkeryhtpughergqYG#T`bvT¦`fp?yhY7eQvTVY s `jk«gqTVYGdbinkgq`bWYG#TVYXk«pughenyugh`jk¡yqiQW enk
L1











u = u(t, x)
¢ `¥g}phegh`bpu¤Y7p
∂tSt,x + v · ∇xSt,x = 0.
=³k2ghyqi s cvX`jk




∂t%+ ∂x(%u) = 0, ∂t(%u) + ∂x(%u
2) = 0,
.84n§647%0
pqYXY'  ¢   ¢ nenk s gqTVYyhY	¡Y7yqY7kv	YJpCgqTVY7yqY7`jk¨§
+RY:kVi iQcogqdb`bkVY?ghTVYCvXink2gqY7kQgp¨inogqTV`fp$mermHYXyJ§ =³kghTVY:kVYXwag<pqY7v°gh`jiQk ¢ CYCv	indbdbY7v°g0puiQWY:´2cerdb`¥gegh`jQY
enk s ¡iQyqW¦erd`bko¡inyhW¦egq`bink¼ink ghTVYpqindbcogh`jiQkpX§ S4TVY7tRdbY7e s ghi½gqTYkergqcVyerdHincVk s pghTeginkVYvXenk
YXwomYJv°g0inkghTVYpqindbcogh`jiQkpX§ =³k]^aYJv°gh`jiQkGY4pumHY7vX`¥¡t[ghTVYCkirgq`bink irpqindbcogq`bink CY s Y7end2#`jgqT ¢ erk s p{gegqY
ghTVY4 nY7tp{gerV`bdj`jg{tghTVYXiQyqY7W .ÓS4TVY7inyhYXW§ 90#TV`fvT]`bp0mVyhinY s `bk^aYJv°gh`jiQkZ§0^aYJv°gh`jiQk©`bp s YXningqY s gqi
ghTVY}myqiair£in£gqTVYv	inkaQYXyhnYXkv	Y4ir£ghTVY©pqindbcogq`binkp¬gqi ªXYXyhi¡iQy:dferyhnY#gh`jWY7p7§>+Y}gqTVY7k«Vyh`jY  t]Y	womVdfer`bk
`bk ^aYJv°gq`bink ¦Ti ghTVY pugher`jdb`¥g{tyqYJpucd¥g}e s ermogp4gqimVyqiQYS4TVYXiQyqY7W 4n§64r§ +Y¤kerdbdbtY7pughenVdb`bpqTlgqTVY
YJ´2cV`jendjY7kv	Y©YXg{CY7YXkgqTVY©g{Ci¡inyhW cdbergq`binkp:yhe s `jcp{²ÅnY7djiov	`jg{t
(r, v)
erk s W¦enphp{²ÅWinWYXk2gqcW





.84n§04erk s .84n§ ;0 s i¦phegq`fpu¡t .54Q§Î0³²<.84n§64790`bkE~GmVmHYXk s `¥wl|§
   ºa¹  ¶ » ¶  ¶  7 +RYnyeghY	¡cVdbdjt«eQv akVi#djY s nY©gqTYmeryqgq`ferd¨pqcVmVmHinyqg#ir<gqTVY  cyqiQmYJerkl#Y	²
pqY7enyhvT S$yer`bkV`bkV GYXg{CiQyq 	
 :}x:G#²8,S²{rn2P²³n2rQ s cVyh`jkV ghTV`fp¦CiQyq .§ S4TYl¤yhpugerk s
ghTV`by s encogqTViQyhp}CY7yqYmeryqgq`ferdbdjtpucVmmiQyughY s at ,©}^Eenk s x   :  gqTVyhincVQTEe¦x= ,4^lHY	g{YXY7k
ghTVY  k`jQYXypu` s e sRs Y7d:x¬efp?enphv	iEenk s gqTVY  vXindbY«GiQyqW¦erdbY^acVmHXyh`bYXcVyhYn§+RY«erdfpqighTerk x?`bYXyhyhY
±©YXQink s ¡iQy0¡yqcV`jgu¡cd s `fpqvXcphpu`binkp?#TV`bvTWirgh`jergqY#cp0ghiY	wagqY7k s S4TVY7inyhYXW 4Q§"4gqi`bkV`jgq`ferd s ege©#`jgqT
mHiQphpq`jVdbt«`bko¤kV`jgqY a`bkVY	gh`bv[Y7kVYXyhntQ§
üü ÇAVÚhÚ	Ý
  #<  	9 3 		7 
 1#3!"	
  "$
4©[X !	" 	 l_:	 !X"
=³k]ghTV`bp:puYJv°gq`binkY s YXyh`bnY#puiQWY.¡¡inyhW¦erd0 v	inkpuY7yqQY s ´2cenk2gq`jgq`bY7p?enk s kVinko²Å`bkv	yhY7eQpu`bkV}iQkVY7p:enp0YXdbd,§
¯$Y	gGcp#pughenyug##`jgqTgqTVY[¡iQdjdbi#`bkV]¡cVk s enW]Y7k2gherd.,erk s ¡iQyqW¦erd0C` s YXk2gq`jg{t@?0¡inyGerkat
φ : Y → R+ghTVYXyhY[TVind s p
∫
Y







a(y, y′) f f ′ (φ′′ − φ− φ′) dy′dy.
.Ao§64' %0
S4T`bp[` s YXk2gh`¥g{t`bp[iQoghen`jkVY s erägqY7yvTerkVQ`jkeryh`ferVdbY7p[erk s enmVmVdbta`jkV .Ó#`¥ghTVincog#z{cp{gh`¥¤v7egh`jiQk 0©gqTVY
cVV`bkV`gqTVY7inyhYXW gqi
Q1(f)





g′′ = g(y + y′)ghi¦puTViQyughYXkkVirgegh`jiQkpX§
^ac`¥gerVdbYvTViQ`bvXY7p[ir¡cVkv	gq`binkp
φ
`bk .,o§64' ;0djYJe s gqi½pqYXQYXyerd¬´2cerdb`¥gegh`jQY]`bko¡iQyqW¦egh`jiQk inkRgqTVY
pqindbcogh`jiQk
f





¾ enphpvXinkpqYXyhegh`jiQk¨§ + `jgqT ghTVYvTin`fv	Y
φ(y) = m
¢ ghTVY«ghYXyhW
φ′′ − φ − φ′
enkV`bpqTVYJp erk s CY










m f in(x, y) dydx , t ≥ 0.
.Ao§Îr%0
•
¾ inWY7kQghcVW v	iQkpuY7yqergq`bink¨§©^o`jW`bdbenyqdbt ¢ #`¥ghT½ghTVY]vTin`fv	Y
φ(y) = p
¢ ghTVYgqYXyhW
φ′′ − φ − φ′
erdfpqi










p f in(x, y) dydx , t ≥ 0.
.Ao§Î34 0
=ÅgG`fp#kVYXw2gGvXdjYJery4¡yhinW .Ao§64' 90CghTeg ¢ `¥
φ : Y → R
`fp#puce sVs `¥gh`jQY ¢ ghTeg#`fp ¢
φ(y + y′) ≤ φ(y) + φ(y′)
¡iQyGerdbd








f(t, x, y)φ(y) dydx
`fpGekViQko²Å`jkvXyqYJenpq`jk¡ckv°gh`jiQkEir<gq`bW]YQ§+Yki ` s YXk2gq`j¡tlpuY7nYXyerd¨vXdbeQpqpqY7p4in0¡cVkv°gh`jiQkp}phegh`bpu¡ta`jk
.Ao§În0?}Y ¤yhpug[vXinkpq` s YXy©¡cVkv	gq`binkp s Y7mY7k s `bkVpqindbYXdbtEink
m
¢ ghTVYXk¡cVkv	gq`binkp s Y7mY7k s `bkVEpuiQdjY7djt
iQk
v






SCt2m`bv7erd0Y	wVerWmVdbY7pinCpuce sVs `¥gh`jQY ¡cVkv°gq`binkp[`bp
φ(y) = mα
¡iny











































v7erkEHY v	yhY7ergqY s `j¬gqTYXyhYeryhYkVinkVY
`bkV`jgq`ferdbdjtQ§ ~ Y7en nYXyQYXypu`bink irgqTV`fpÓeQv°g«`fpgqTVY½¡indbdji#`bkV?l¡iQy«erkat kViQko²Å`jkvXyqYJenpq`jk ¡cVkv°gq`bink




























a φ(m) f f ′ dydx .
•
inyGerkat«kinko² s Y7vXyqYJenpq`jkerk s kViQkVkVY7Qegh`jQY}¡ckv°gh`jiQk
φ : R+ → R+
¢ Y[kVirgh`bvXY[gqTerg
|p+ p′| ≤ |p| + |p′| ≤ (m+m′) max(|v|, |v′|),
enk s gqTacp












f(t, x, y)φ(|v|) dydx
`fpekViQko²Å`jkvXyqYJenpq`jk¡cVkv°gh`jiQk in?gq`bWYn§~}pe¤yhpugvXinkpqY7´2cVY7kv	Yir¬ghTV`bp©ÓeQv°g ¢ Y yhY7endj`bªXY gqTerg ¢ `j
pqcVmVm










,Cinkpq` s YXyCkViekViQkVkVY7Qegh`jQYGerk s kVinkV²A`bkv	yhY7eQpu`bkV[¡cVkv°gq`bink











f(t, x, y)m φ1(m)φ2(v) dydx
`fpGekViQko²Å`jkvXyqYJenpq`jk¡ckv°gh`jiQkEir<gq`bW]YQ§ =³k s YXY s£¢ mVcVgugq`bkV




















′) (m φ2(v) +m
′ φ2(v
′))








4J  #<  	9 3 		7 
 1#3!"	









































|v − v′|2 f f ′ dy′dy .
.Ao§Î %0













































f f ′ dy′dy , Λ(A,B) :=
∫ B
A
(λ′(B) − λ′(z)) dz .
.Ao§Îr%0
=³k s YXY s£¢ mVcogqgq`bkV




φ(y) + φ(y′) − φ(y + y′) ≥ m′ (λ(|v′|) − λ(w)) +m (λ(|v|) − λ(w)).
S4TY[vXinkanYXwo`¥g{t¦in
λ
enk s gqTVY` s YXk2gh`¥g{t
m′ (|v′| − w) = m (w − |v|)
ghTVYXkl`bWmVdjt







(λ′(w) − λ′(z)) dz = Λ(|v|, w) .
~}kVirghTVYXyGvXinkpqY7´2cVY7kv	Y[`fpgqTVY[¡iQdjdbi#`bkV§¬ViQyGerkat«v	iQkanY	w¡cVkv°gh`jiQk







f(t, x, y)ω(x− v t) dydx
`fp?ekViQko²A`bkvXyqYJenpq`jkV©¡cVkv	gq`bink¦ingh`jWYn§ =³k s Y7Y s£¢ ¡iny¬YJenvT
(t, x) ∈ R+×R
3 ¢ φ : y 7→ ω(x−v t) `fp?evXinkanYXw¡cVkv	gq`bink¦in
v
erk s `fp¬gqTacp:pucVe sVs `jgq`bnYQ§¬S4TVYXyhY	¡iQyqY ¢ eäghYXy?WcVd¥gh`jmdjta`bkV.54Q§"4 0 at
ω(x−v t)enk s `bkQghYXQyhergq`bink ¢ gqTVYv	ink2ghyq`bVcogh`jiQk ir4gqTVYv	i2erdbY7phv	YXkv	Y]gqY7yqW`bpkViQkVkVYX2egh`jQY ¢ #T`jdbY«ghTVY¦gqY7yqW¦p
























Φ : [0,+∞) → [0,+∞)








Φ(f(t, x, y)) dydx
`fp#e]kVinkV²A`bkv	yhY7eQpu`bkV¡cVkv	gq`binklirgq`bW]YQ§ ¾ iQyqYmVyhY7v	`fpqYXdbt ¢ YTePnYgqTVY[¡iQdjdbi#`bkVyhY7pqcVdjg
 C¶      
  8 #! 3
f


































a(y, y′) Ψ(f) f ′ 1(m,+∞)×R3(y
′) dy′dy ≥ 0 ,
	
Ψ(u) := u Φ′(u) − Φ(u) ≥ 0

u ≥ 0
 	 	 	  	!61  1 	  #	  	
 #
f ∨ f ′ =
max {f, f ′}
	






¢ gqTV`fpyqYJpucVdjgTenpY7YXkmVyhinY s `jk  4 ¡inygqTVY ^aWindbcvTViGpq 2`
YJ´2cegh`jiQk¨§








{u w − Φ(w)}
¡iQy
u ≥ 0
§ =³kEe sVs `jgq`bink ¢ Y[TePnY©gqTY	?incVkV`bkVY7´2cendj`jg{t
u w ≤ Φ(u) + Φ∗(w) , u, w ≥ 0 ,
.Ao§ Q;0
enk s gqTVY`bkVY7´2cendj`jg{t
Φ∗(Φ′(u)) ≤ Ψ(u) , u ≥ 0 .
.Ao§ n%0
|t .Ao§ Q04enk s .,o§ n;0CY[TePQY
∫
Y 2
a f f ′ Φ′(f ′′) dy′dy =
∫
Y 2








a (f ∧ f ′) Φ(f ∨ f ′) dy′dy +
∫
Y 2
a (f ∧ f ′) Ψ(f ′′) dy′dy.
üü ÇAVÚhÚ	Ý
4P  #<  	9 3 		7 
 1#3!"	
+RY ki cpuY .54Q§ 90#gqiiQcVk s ghTVYpqY7vXink s gqYXyhW ir¬ghTVY yh`jQT2gu²ÅTerk s pq` s Y in¬gqTVYerHinY`bkVY7´2cendj`jg{t
enk ss Y s cv	Y[gqTeg
∫
Y 2
a f f ′ Φ′(f ′′) dy′dy ≤
∫
Y 2








a (f ∧ f ′) Φ(f ∨ f ′) dy′dy + 2
∫
Y 2
























a (f ∧ f ′) Φ(f ∨ f ′) dy′dy +
∫
Y 2










a (Φ(f) f ′ + Φ(f ′) f) dy′dy ,
#TYXkvXY .Ao§ n90	§
ut
+RYCpqcVWW¦eryh`jª7Y ¢ `jkghTVY?kVYXwagyhY7pqcVd¥g ¢ ghTVY  @(( Y7pugq`bW¦eghY7p¨iQk[gqTVYpuiQdjcVgq`binkp.ghi .54Q§"4 0.inVgher`bkVY s
`bkgqTV`fp#pqY7v°gh`jiQk¨§
 ¶aº  ¶     









Φ(f in(x, y)) + f in(x, y)
(









	 $%!5 		 
 . ;	  	< #( $ < 5	+*><3@#
Φ ∈ C1([0,+∞))
	




   #  	/

	 $%!5 	2	 
. 
 	< #(%$ <3

r ∈ C((0,+∞))
 ( 	  #! 3
f








Φ(f(t, x, y)) + f(t, x, y)
(






















 	 ;	  




  	(#	<!5 	!98  & 0&'




   < X!	 0
#"$!
¶ 
	  	 º     	 f in  	  
@	$%!5	 <3
 #1#  8%$ ( !& )  
 1 	<' #! 3  !/./#0&''1# 

	 $%!5 	 <3

f ∈ C([0,+∞);L1(Ω × Y )) , f(0) = f in ,
#1#  8%$  & $  & - #  	 







	 $%!5 	< 5	+* 	-
 . 
 	< #( $ <3@-.

r ∈ C1((0,+∞))















r(m) = +∞ ,
.,V§ 290
  $;	 	 1     	 	<  !/   	#	 #	 5 1#((  3 #$     #(! #-#1#  8- 	'!9.
 !5	 @  	(	# ! ' #!/# <	'     	  3	#  & $  & - !






1(ΩT × Y ), i = 1, 2.
.,V§ n%0
+RYkVi*pughergqYe]Y7er «pughenV`bdj`jg{t«mVyh`jkv	`bmVdjY[¡iQy#CYJer «pqindbcogq`binkpgqi .54Q§"470Å²(.54n§Î0	§
































C([0, T );w − L1(BR × Y )),
Qi(fnk ) ⇀ Qi(f)






i ∈ {1, 2}
 1  












ψ ∈ D(Y )
  	 	
D(Y )
9	
 	#  	 # 9<	8
C∞





C([0, T );w−L1(Ω×Y ))
  	 #9<	 5 1 	<'!98 < # <3@# <  
[0, T )
L1(Ω × Y )

 & <¦  
#0
  
=³kgqTV`fp#pqY7v°gh`jiQk ¢ CY[v	iQkpq` s Y7y#epqY7´2cVY7kv	Y
(fn)
ir0puiQdjcVgq`binkp:gqi .54Q§"470Cphegh`bpu¡ta`jkgqTYyhY7´2cV`byhYXWYXk2ghp



































   	 #	<	
<	
(fn)
1# 1 	< !98'< ;>
L1((0, T )×
BR × Y )
	   	#	<	
<	
(Q1(fn))
1#1 	<'!98    9
L1((0, T ) × BR × YR)
 1  	 	
YR1# ;	  
	'   -,$#





pugqyer`bnT2gq¡inyheny s vXinkpqY7´2cVY7kv	Y[ir.,V§ 0 ¢ .,V§ 204enk s gqTVY±©cVko¡iQy s ²Åx0Y	gqgq`fp4gqTVY7inyhYXWl§





















A = An(t, x, y, y
′) := a(y, y′) fn(t, x, y) fn(t, x, y
′) ,
enk s mY7yu¡iQyqW`bkV]gqTVYvTenkVnYir0eryh`benVdbY7p






























































































y ∈ (δ, R) ×B(−p′, R)
erk s
y′ ∈ (δ, R) ×BcR1
¢ erk s
A = a (fn ∨ f
′
n) (fn ∧ f
′
n)
≤ a (fn ∨ f
′
n)M 1fn∧f ′n≤M +
M
Φ(M)
a (fn ∨ f
′
n) Φ(fn ∧ f
′
n)1fn∧f ′n≥M





a (fn ∨ f
′
























































a (fn ∨ f
′
















































§ ­ #`jkVgqi .Ao§ 0erk s




























4  #<  	9 3 		7 
 1#3!"	
 pu`bkVgqTVYGendjyhY7e s tY7pughenVdb`bpqTVY s Y7er vXinWmeQv°gqkY7phpin
(fn)
`jk
L1((0, T )×BR×Y )





























L1((0, T ) ×BR × YR)
at«ghTVY±}cko¡iny s ²Åx<YXgugh`bp4ghTVYXiQyqY7Wl§
ut




mVyhia` s Y7ppqinWY¦e sVs `jgq`binkerd?`bko¡inyhW¦egh`jiQkRiQk
(Q2(fn))
§lS4TV`bpÓenv°g
4enp#¤yhpug}iQpuY7yqQY s `jk  $¡iQyGgqTY s `fpqvXyqYXgqY s ` .cpu`bnYv	iQenncVdfegh`jiQklY7´2cegh`jiQkEerk s e¦yhY7pqcVdjg}`bkEgqTVY
pherWYpqmV`jyh`jg4`fpGendbpqi]ePen`jdferVdbY©¡iny .54Q§"4 0°§
 C¶        7 8
R, T > 0
   	 	 	+*;1#(#  
@	$%!5	 	2
 . 9	< 	< #(%$ <3@
θ = θR,T ∈ C
1([0,+∞))











θ′(fn)Q2(fn) dydxdt ≤ C(δ, R, T )
.ÓZ§ ZQ%0
 8
δ ∈ (0, 1)












¢ yhY7pqmYJv°gq`bnY7djtQ§<S4TY}±}cko¡iny s ²Åx<YXgugh`bp:gqTVY7inyhYXW
enk s eyqYX¤kVY s QYXypu`binkir<gqTY s Ydfe ?erdbdj7Y	²Åx0incphpu`bkgqTVY7inyhYXW Îr ¢ x?yhinmHiQpq`¥gh`jiQk-=°§64n§64`jWmVdbtghTeg
ghTVYXyhY«`fpeEkViQkVkVY7Qegh`jQY ¢ v	inkaQY	wRenk s kViQko² s Y7v	yhY7eQpu`bkV¡cVkv	gq`bink






























χ ∈ D(R3 × Y )
¢








































































θ(fn) p · ∇xχ dydxdt +K1
















 C¶        7 -	<9
R, T > 0
  	 #	<	@<	
(Q2(fn))
1# 1 	<'!98    9
L1((0, T ) ×
BR × YR)




























A = An(t, x, y, y





























































4J  #<  	9 3 		7 
 1#3!"	

































y′ ∈ (δ, R1) ×B
c
R2
¢ enk s gqTerg

























θ′(fn)Q2(fn) dy +M ωδ,R(R1)
∫
Y








­ kgqTYirgqTYXy#Tenk s£¢ mHYXyq¡inyhW`jkV]Y	wVeQv°gqdbt¦ghTVYpqenWY[vXinWmVcogegh`jiQkp#enp¡iQy
J1
¢ Y[inoger`bk









(0, T ) × BR




erk s ¯¨YXWW¦eZ§ 






























 pu`bkVghTVY[erdbyqYJe s t]Y7pughenVdj`fpqTVY s Y7en ]vXinWmeQv°gqkY7php?ir
(fn)
`jk















¢ gqi«vXinkvXdjc s Yn§
ut




















L1((0, T ) ×BR × YR)
.ÓZ§ Za90
¡iQy














`bkaniQdjQY7p#´2ce s yhergq`fv}ghYXyhW¦p ¢
pqinWYpugqyhinkVv	iQW]menv°ghkVY7php4`fp4kVYXY s Y s erk s `fp4gqTY[pqcVoz{YJv°gGinghTVYkVY	wagGpqY7v°gh`jiQk¨§
     '( 
y 
$( $
 ¶aº  ¶    	
	  	
T > 0






L1(ΩT ×Y )#(   




 #<#<'	><3(  	   
(gn)
1# 1 	<'!98< ; 
L1((0, T )×BR × YR)
 	<;
R > 0
2(  	 
 8
ψ = ψ(y, y′) ∈ L∞(Y 2)
1   <  9 #(  (    	 	  !  #
∫
Y
gn(t, x, y)ψ(y, y
′) dy
 	!" $#    #(  $! 8    9 #<  #	5





S4TV`fp[`fpemenyugh`bvXcVdbenyv7enpqY in:gqTYQYXdbiavX`¥g{t½ePQYXyerQ`jkV¦dbYXWW¦e Î ¢ 4J ¢    ¢ kVingq`fv	`bkVgqTerg
v =
v(y) = p/m
phegq`fpu¤Y7pghTVY[kVink s YXnY7kVYXyenvXt«v	iQk s `jgq`bink
W]YJenp





§GY7nY7yughTVYXdbY7php ¢ `jg[v7erk½HY]pqYXY7k enpevXinkpqY7´2cVY7kv	Y ir?ghTVYvXdbeQpqpq`bv7erd
ePQYXyerQ`jkV djY7W]W¦e 64 ¢ 4JeQp4CYpqTVi HYXdbi§
  º¨º  +RYeQpqpqcVWY¡cyughTVYXy©gqTerg
(gn)
`fpiQcVk s Y s `jk
L2((0, T ) × BR × YR)
§+Y
¤w
α = α(m) ∈ Cc(R+)
enk s inpqYXyhnY©gqTerg
g̃n(t, x, v) :=
∫ ∞
0




HYXdbink]yhY7pqmHY7v°gh`jQYXdbt¦gqi¦e]HincVk s Y s pucpuYXgGir
L2  (ΩT × R3)
erk s




+ v · ∇xg̃n = G̃n
`bk
(0, T )× Ω × R3.





gn(t, x,m,mv)α(m) dmβ(v) dv
HYXdbinkQpgqi¦epugqyhinkVQdjt«vXinWmenv	gGpucVpuYXgGir






n  #<  	9 3 		7 
 1#3!"	
      x0YXyq¡inyhW`jk«gqTY]vTenkVnY]irCPenyq`ferdjYJp
(m, v) → (m, p = mv)
¢ ghTVYmVyhYXa`jiQcpp{ghYXm
enk s ghTVY v	inWmeQv°ghkVY7phpingqTYRpqcVmVmHinyqgin
α













§ +RY s Y s cv	Y
¡yhinWgqTVYmVyhYXa`bincppugqY7m#`jgqT
α(m) = mk χ(m)
erk s
β(v) = v` ζ(v)
ghTeg.ÓZ§ ZQ90`fp[erdb` s ¡iny
ψ(y, y′) = mk−|`|−3 p` χ(m)ζ(p/m)
§¬S4TVYXyhY	¡iQyqY ¢ .ÓZ§ ZQ;0 TVind s p0¡iQy
ψ(y, y′) = ϕ(y)χ(m)ζ(p/m)¡iQyGerkat
















0 ¢ YyhY7endj`bªXY©gqTeg .¡Z§ Z290C`bp}env°ghcerdbdbtgqyhcVY¡iny
ψ(y, y′) = ϕ(y)χ(m)
¡inyGenkat





erk s«s Y s cvXYGghTeg
.ÓZ§ ZQ90`fp4erdb` s ¡iQy
ψ(y, y′) = ϕ(y)
¡iQyGerkat
ϕ ∈ Cc(Ȳ )
§
+RYghTVYXk mVyhiavXYXY s enp`jk "4 ¢ ,Cinyhindbdbenyqt=  §ÎgqiyqY7W]iQY¦gqTYe ss `¥gh`jiQkerd4enphpqcVWmogq`bink ghTeg
(gn)
`fp:Hinck s Y s `jk
L2
. s YXyhYXkViQyqW¦endj`bª7ergq`bink]gqYJvTVkV`f´QcY70?enk s ghi Y	waghYXk s ghTVY}yhY7pqcVdjg:ghigqTY©v	dfenphp?in
¡ckv°gh`jiQkp
ψ ∈ L∞(Y 2)
. s YXkpq`jg{teryhncW]Y7k2g<0 ¢ ghTacp#v	iQW]mdjYXgq`bkV]gqTVYmVyhiair<ir¬S4TVYXiQyqY7W Z§647o§
ut
 











eryhY s YX¤kVY s `bk.ÓZ§ Z90erk s
.ÓZ§ Za0	§













L1((0, T ) ×BR)















































at.Ao§ 0	§:S4TVYv	dfer`bW .ÓZ§ Z 0CgqTYXklyqYJe s `bdbt¦¡indbdjiGp7§
    +RY kY	wagvXinkpq` s YXy
























aϕ′′ 1a≤N 1X1 , b2 = aϕ1a≤N 1X2 ,
÷¡û<ü¨÷äØ
 
	 !"	#%$'&(!"	#  4
#`jgqT
X1 = {(y, y
′) ∈ Y 2;m,m′ ∈ [δ, R], p′ ∈ BR1 , p ∈ BR(−p
′)}
¢
X2 = {(y, y
′) ∈ Y 2; y ∈
Yδ,R, m
′ ∈ [δ, R1], p
′ ∈ BR2}
§
+RY[¤yp{g}vXdben`jW ghTeg ¢ ¡iny
i = 1, 2
¢
η ∈ (0, 1)
enk s
R0 > 0
¢ gqTVY7yqYTViQd s p
1





















L1((0, T ) ×BR0)




S4TYXinyhYXW Z§"4Jerk s .¡Z§ Z  90`jWmVdbt«ghTeg
1














(0, T )×BR0 × YR ,
enk s `¥g]`bpiQcVk s Y s `jk
L∞(ΩT × Y )
at
N ‖ϕ‖L∞/η
§ ,CinW `jkV`bkVEghTVY7pqY¦mVyhinmHYXyqgq`bY7p#`jgqT gqTVY
Y7en vXinkanY7yqQYXkvXY .ÓZ§ Z90ir
(fn)














1 + η ρ











1 + η ρn







Qi(fn) dy dx dt
¡iQy}YJenvT




































η ∈ (0, 1)
¢ YTePnY
ηρn
1 + η ρn
=
ηρn
1 + η ρn






























1ρn≥M Q2(fn) dy dx dt .
+RY¤ypugGcpuY.Ao§ 904gqi«meQpqpghi¦gqTYdj`bW`¥genp
η → 0
enk s gqTVY7kEcpqY¯¨YXWW¦eZ§  ¦enk s .¡Z§ Z ;0gqi«dbY	g
M → +∞
















′ dy dx dt = 0 .
üü ÇAVÚhÚ	Ý
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′ dy′ dy dx dt = 0 .



















L1((0, T )× BR0)
§
     +RYkVi puTVi gqTerg
Q̄i = Qi(f)
¡iQy
i = 1, 2
§0iny




















enyqYn`bnY7kat .ÓZ§ Z4 04enk s .¡Z§ Z90#`¥ghT


















eryhY©Q`jQYXk2t .ÓZ§ Z4 0enk s .ÓZ§ Z0C#`jgqT
A = a f f ′
¢ yhY7pqmYJv°gq`bnY7djtQ§<|t .ÓZ§34 0erk s
ghTVYerkerdbtapq`fpCin0^aYJv°gh`jiQkl ¢ CY[TePQY
Ini + Ii → 0
`jk





















¢ ¡yqiQW #TV`fvTY©v	iQkv	dbc s Y©gqTeg
Q̄i = Qi(f)
¡iny
i = 1, 2
§ ­ #`bkV gqi





phegh`bpu¤YJp .54n§64 0`bkgqTVYpqYXkpqY[ir s `fp{ghyq`bVcogh`jiQkpX§
    ('!$(  ( 	(' $ 
f
=³k ÓeQv°g ¢ i#`bkV gqi .Ao§ 0 ¢ .Ó§ a0½enk s gqTY ±©cVko¡iny s ²Åx0Y	gugh`bp½gqTVY7inyhYXW ¢ ghTVY ¤yp{gRenphpuY7yugh`jiQk in
¯$YXWW¦e]Z§ø v7erkYpugqyhYXknT2gqY7kVY s §




  	 	 1#  1 	< !98 < ; #<  #	
KR
8
L1(BR × Y )#(   
fn(t) ∈ KR
 	<;







+RY#kVi `bWmVyqiQY?ghTVYGv	iQk2QYXyhnY7kv	Y .ÓZ§ Z90in
(fn)






{fn(t) , n ≥ 1}
Y7djiQkVQpCgqi¦eCYJer adbt«v	inWmeQv°g
pqcVpqY	g#in
L1(BR × Y )
¡iQyYJenvT
t ∈ [0, T ]















≤ C(ψ) K0 h
¡iQy#YXQYXyht¦YXnY7yqt
ψ ∈ D(Ω × Ȳ )
¢
t ∈ [0, T )
enk s






















ψ ∈ D(Ω× Ȳ )
erk s
t ∈ [0, T )
§0~ s YXkpq`jg{t]enyqQcVWYXk2gCerk s ¯¨Y7W]W¦eZ§ø©gqTYXk`bWmVdbtghTeg
.ÓZ§r90env	gqcendjdbt[TVind s pgqyhcVYC¡iny0YXQYXyht






#TV`bvT]`fpHinck s Y s `bk
L∞(BR×Y )
0	§




C([0, T ];w− L1(BR × Y )) .
+RY[kVY	wag#vTVY7v ]gqTeg
f
YXkz{itop:gqTVY[mVyhinmHYXyqgq`bY7pCdb`bpugqY s `bk±©Y	¤kV`jgq`binklV§a§ ­ #`bkVghi .ÓZ§ Z90Cerk s
ghTVY:vXinkanYXwa`jg{t#ir
Φ
¢ p{gerk s ery s Y7en }v	iQWmenv	gqkVYJpqp¨enyqQcVWYXk2ghp.Y7k2gher`bdghTeg
f
pqergq`fp{¤Y7p.Ao§ 0	§<}Y	wag ¢












erk s YghT2cp}mVyhiov	Y7Y sEs `byqYJv°ghdjtinklghTVYYJ´2cegh`jiQk
phegh`bpu¤Y s 2t
f
§ ¾ iQyqYGmyqYJv	`fpuY7djt ¢ Y}ermmVyqiPwo`bW¦egqY
Φ
at¦e pqY7´2cVY7kv	YGin$v	iQk2QY	w]¡cVkv	gq`binkpCnyhi#`jk































f(t, x, y) dydx = 0 .
  º¨º  ¯¨Y	g
A > 0















































































K(f in) t ,
ghTerk apghi .,o§ 90°§
}i ¢ ¡iny
t ∈ [0, T ]
erk s
δ ∈ (0, 1)











































¯$Y	g?cp0¤kerdbdjt Vyq`bY  tY	womVdfer`bkTi¼`jg?`bp0mHiQphpu`bVdbY4gqi[nYXg0gqTVYGe sVs `jgq`binkendV´Qcerdb`¥gegq`bnY4mVyhinmHYXyqgq`bY7p
.84n§64XZ;0 @.84n§64$0°§4S4TVYWiQkVirghinkV`fv	`jg{t .54Q§"47Z;04inghTVYW¦enphp#yhY7e s `jdbt«¡iQdjdbiGp4at`bkQghYXQyhergq`binkir .54Q§"4J90°§
+RY¦puTincVd s eQv°gqcerdbdjtETePQYghTVYWeQpqp[vXinkpqYXyhegq`bink .,o§Îr0 ¢ egdbY7eQp{g¡inyv	i2erQcVdbergq`bink½vXi2Y!&«v	`bYXk2ghp









erk s Y4¤yhpug?Y7pughenVdj`fpqT ghTeg
‖Φk(f(t))‖L1
`bp?ekViQko²Å`jkvXyqYJenpq`jk}¡cVkv°gq`bink
in£gq`bWY}at¦e s `byqYJv°g .,erk s erdbdjiY s 0 vXinWmVcogegh`jiQkenp:`¥gTenpCY7YXk .¡¡inyhW¦erdbdjt 0 s iQkVY}`bk¯$YXWW¦eo§ o§
+RY]gqTVY7k djYXg
k → ∞


















´2ce s yegq`fvXendjdbtleg[`jko¤kV`¥g{tQ§ =³kRmeryqgq`fv	cVdfery ¢
‖fn(t)m |v|
2‖L1
`bpcVkV`j¡inyhWdjtEHinck s Y s § S4TV`fp©`fpkVirg
eRyhY7pugqyh`bv	gq`bnYlenphpucW]mVgq`bink ¢ eg«dbY7enpug¡iny«enk enmVmVyhiPwa`bW¦eghY s pqindbcogh`jiQk ¢ HY7v7ercpqY .¡Z§Z%0]TenpHYXY7k
.¡¡inyhW¦erdbdjt 0 s Y7yq`bnY s `bk ^aY7v	gq`bink o§+RY¦gqTYXk vTViaiQpqY





























































f(t, x, y)mφR(m) ΨR(|v|) dydx.
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yhY7endVkacVW HYXyp:enk s mVcVg





§ ­ #`bkVgqi]±}YX¤kV`jgq`binkV§ ¢ CY
yhY7endj`bªXYgqTeggqTY«puYJ´QcYXkvXY
(fn)
phegq`fpu¤Y7pghTVY«enphpucW]mVgq`binkp[in4S4TVY7inyhYXW§ o§S4TVYXyhY	¡iQyqY ¢ ¤Vwo`jkV
T > 0
¢ `¥g#¡iQdjdbiGpC¡yqiQW®S4TVY7inyhYXW®§ ghTeg ¢ cVmgqi]gqTYY	wagqyenv	gq`binkir<epqcVpqY7´2cVY7kv	Y ¢
fn(t) ⇀ F
Y7en adjt¦`bk
L1(ΩT × Y ).
¾ inyhYXinY7y ¢ inkgqTYinkVY[Tenk s£¢ Y[`jko¡Y7y4¡yqiQW .ÓZ§n0#`jgqT















L1((0, T ) ×BR).






















′ dy′dydxdt = 0,
#TYXkvXY
aF F ′ = 0
eV§ Yn§¬ink
(0, T )× R3 × Y 2.
,CiQkpqY7´2cVYXk2ghdjt ¢
F ≡ 0
e§ YQ§ ¢ pq`bkv	Y







  #<  	9 3 		7 
 1#3!"	
¶  o  	     	
Ω = R3
	
|x| f in ∈ L1(Ω × Y )
  !  	(
!5	 
 75 8   	 < 5	/.
$%	
<	   7	    8  		 / 	 1     	  	!  5  & 0& ,$ 	% &  "/#   	  		  	    & 
 
' 	 ;	 ! #  3   1# 1# 	<#</$9 	 
¶  o  	     1#   	-'<!!98/ !!"	 $ $    5	   	 	 3	9	<#( 	%$ 5-  	  	$.
!6 # 3   	1 	<	   	- 7!6	(#<	@<		< #!-    	 
 	(#<#(3 	!"	(#<# $;#	# # 8 #( 	-  ! $#


<	 <!!   $ (!"	(# !91 8 ##(   $;	 	  	 
 	#<#(3 	!6	(#<#$;#	##/8 #< 	$  
	 <-	+*-	<
    1#  	 @3 ! 8 8@  ! ! 8 	<7!"	# 	
<	 	<




( 31# 1#@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fε(0) = f
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S4TY]myqiairC`bp[YJpqpqYXk2gq`ferdbdbtlgqTVY¦pherWY]eQpgqTerg`jk  2 ¢ ^aYJv°gh`jiQk:erk s mVyhiavXYXY s p`jkg{CilpugqYXmp?CY
¤yhpug:v	iQkpu` s Y7y?erkermVmVyhiPwo`jW¦ergqY s mVyhinVdbYXW erk s gqTYXkgqicpuY4ghTVYGp{gerV`bdb`¥g{tyqYJpucVdjg .ÓS4TYXinyhYXW V§ 90 `bk
iQy s YXy¨ghi}meQpqp¨gqi}gqTVYdj`bW`¥gJ§<inygqTVYpqen nY?inv	iQWmVdjYXgqY7kVY7php ¢ YCpq nYXghvTHYXdbi gqTVYW¦er`bk`jknyhY s `bYXk2ghp
in$ghTVY7pqY[g{Ci¦pugqY7mpX§
       

   +RY`jk2ghyqi s cvXYgqTVYWi s `j¤Y s v	i2erdbY7phv	Y7kv	Y©gqY7yqW











`fp s YX¤kVY s 2t .54Q§ 90 ¢ .54n§ Z;0.#`jgqTghTVY:v	i2erdbY7phv	Y7kv	Y0 nY7yqkYXd
aδ(y, y












`fp s Y	¤kVY s at
X := {g ∈ L∞(Y ); (1 + |y|)5 g ∈ L∞(Y )} ,
#`jgqT






§ ¾ inyhYXinY7y ¢
∀g ∈ X, ‖Qδ,λ(g)‖X ≤ C‖g‖X
. V§ %0















B := ‖f in‖L∞(Ω;X)











d(g1, g2) := sup
t∈[0,T ]
‖(g1 − g2)(t)‖L1(Ω×Y ) , g1, g2 ∈ XT ,
enk s ghTVYW¦enm







∂th+ v · ∇xh+ λh = Qδ,λ(g), h(0) = f
in,
#`jgqT]mHYXyh`ji s `fviQcVk s enyqt vXink s `¥gh`jiQkp<#TVYXk
Ω
`fp<gqTYCghinyhcp¬erk s #`jgqTgqTVY#kin`bkv	iQW]`bkVn²  cVwiQcVk s ²
enyqt¦vXink s `jgq`binkp:#TVY7k
Ω
`fpiQcVk s Y s § =Åg4`bp4pugqyer`bnT2gu¡iQyq4ery s gqi QYXyh`¥¡tghTeg
Φ
`fpCYXdbdj² s YX¤kVY s erk s
phegh`bpu¤YJp
g ≥ 0 =⇒ Φ(g) ≥ 0,
atEghTVYW¦ewo`jWcVWmVyh`bkv	`bmVdbY¡iQy
λ > δ−2




k ∈ (0, 1)
pucvTghTeg
g ∈ XT =⇒ Φ(g) ∈ XT
enk s
d (Φ(g1),Φ(g2)) ≤ k d(g1, g2)
¡iny








pqindbcogh`jiQkghighTVYWi s `¥¤Y s v	i2erdbY7phv	YXkv	YY7´2cegh`jiQk
∂tfδ + v · ∇xfδ = Q̃δ(fδ)
`bk
(0, T )× Ω × Y,
. § n;0
fδ(0) = f
in `bk Ω × Y, . V§  ;0
#`jgqT]mHYXyh`ji s `fviQcVk s enyqt vXink s `¥gh`jiQkp<#TVYXk
Ω
`fp<gqTYCghinyhcp¬erk s #`jgqTgqTVY#kin`bkv	iQW]`bkVn²  cVwiQcVk s ²
enyqt«vXink s `¥gh`jiQkp4#TVYXk
Ω
`bp4Hinck s Y s §





‖fδ(t)‖L∞(Ω;X) ≤ exp(C(1 + t)) , t ≥ 0.
        
δ → 0
 `jQYXklkVi erk`jkV`jgq`ferd s ege
f in























f inδ ∈ X+
erk s CY s YXkirgqY[at
fδ
gqTVYv	iQyqyhY7pqmHink s `bkV]puiQdjcogh`jiQk¦gqi]ghTVY[W]i s `j¤Y s
vXiQendjYJpqvXYXkvXY©YJ´Qcegq`bink . § n0 ¢ . V§  90	§
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f in
#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dydx < +∞ .
. V§ n%0
  º¨º  ^a`bkvXY
f in ∈ L1(Ω× Y )
¢ gqTVY s Ydbe ?erdbdbXY	²Åx0incphpq`jk¦ghTVYXiQyqY7W "47Z ¢ n£Y7kpucyqYJp?ghTeggqTVY7yqY






Φ(f in) ∈ L1(Ω×Y )
§0^o`jW`bdbenyqdbt ¢ `jg¡iQdjdbiGp£¡yhinW .84n§64J0¨gqTerg
(x, y) 7→ p/m
HYXdbinkQp$gqi
L1(Ω×Y ;mf in(x, y)dxdy)
enk s gqTY s Ydfe ?erdbdbXY	²Åx0incphpq`jkghTVYXiQyqY7W 14XZ ¢ n.Y7kpqcVyqYJp¬ghTeggqTVY7yqY















f in(x, y) dydx < +∞ .
+RYkVYXw2g#kVingq`fv	Y[ghTeg





∈ L1(Ω × Y ;mf in(x, y)dxdy) .















∈ L1(Ω × Y ;m f in(x, y)dxdy) .
x:cogugh`jkV
























¤kerdbdjt ¡iQdjdbiGp¡yqiQW ghTVY mVyhinmHYXyqgq`bY7pir
σ
§







¯$YXWW¦e'V§64pucvTgqTeg . § Q90TViQd s pghyqcYn§
ut
^a`bkvXY
f inδ ≤ f






¢ Y©W¦ePtz{cpugq`j¡t¦gqTVYvXinWmVcogegq`binkpCmHYXyq¡inyhWY s `bkE^aY7v	gq`binkerk s
s Y s cvXY]gqTerggqTVYÓenW]`bdbt
{fδ}






.ÓkVirgh`bvXYerdfpqi½gqTeg ghTVYW]i s `j¤Y s v	i2erdbY7phv	YXkv	Y« QYXyhkVYXd
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YpherWY}4ePt¦enpC`¥g













C([0, T );w− L1(BR × Y )),
Q̃δk(fδk ) ⇀ Q(f)
`bk





§ +RYgqTVY7yqYX¡inyhY]vXinkvXdjc s YghTeg
f
`bpeY7er ½pqindbcogh`jiQk ghi .84Q§"470Å²(.54n§Î90
Y7kz{ita`jk ghTVYmVyhinmHYXyqgq`bY7p#pugheghY s `jkES4TVY7inyhYXW 4Q§"4n§





+RY]¤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i`jkgqT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egh`jiQk .54Q§"470}#`jgqTgqTY«v	indbdb`bpq`jiQkEgqY7yqW
Q(f)
n`bnY7k
at .84n§ 90erk s .54Q§ Z;0C`fp s Y s cv	Y s ¡yhinW gqTYcpucend s yqiQmVdbY	g4Y7´2cegh`jiQkeQpC`jg#`bpmVyhY7pqYXk2ghY s ¡iQy4`jkpughenkv	Y
`bk  ¢ gqTVyhincVQTepq`jWmVdbYvTenkVnYir0eryh`benVdjYJpX§
¯$Y	gGcpGvXinkpq` s YXy#e¡cVkv	gq`bink
g = g(t, x, r, v)
#TV`fvTlpuiQdjQY7pCgqTVYYJ´2cegh`jiQk ?
∂tg + v · ∇xg = Q(g)
`bk









































Y7`jke¦mHiQpq`¥gh`jQY¡cVkv	gq`bink ¢ v7erdbdjY s gqTVY]v	iQendjYJpqvXYXkvXYY&«v	`bYXkv	tn§ +YmY7yu¡iQyqW gqTVY
¡iQdjdbi#`bkV]vTerkVQYineryh`ferVdbY7p ?
m := r3, p := r3 v,
erk s










=Åg#ghTVYXk¡iQdjdbiGpC¡yqiQW .Ó~ § 470CgqTeg
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g(t, x, r∗ v∗) dr∗, dv∗.
+RYvTenkVnYeryh`benVdjYJpcVk s Y7y#gqTVY`bk2gqY7nyerd
















a(m, p,m∗, p∗) f(t, x,m∗, p∗)dm∗dp∗
#`jgqT




























∗) g(t, x, r1, v1) g(t, x, r









a(m−m∗, p− p∗,m∗, p∗) f(t, x,m−m∗, p− p∗) f(t, x,m∗, p∗) dm∗ dp∗.
 pu`bkVghTVYGkVinghergq`bink
y = (m, p)
`jk2gqyhi s cvXY s `bk^aY7v	gq`bink 4}enk s .,~§ 0 ¢ CYGW¦ePt#yq`jgqY
a
enp?¡indbdjiGp





















#TYXk½ghTVYv	iQendjYJpqvXYXkvXY  QYXyhkVYXdfp}enyqYn`bnYXkatY7`¥ghTVYXy'.84n§0©iny .54n§ 90	§ ViQy}ghTeg[mVcVyhmi2puY ¢ CYinkVdbt
TePnY]gqi pqTVi gqTerggqTY7pqY« nY7yqkVY7dbpYXkz{itop[ghTVY«mVyhinmHYXyqgq`bY7p.84n§ 90Å²(.54Q§"4J90°§ +RY«¤ypug v	inkpu` s YXy
aHSenk s mVyqiQY}ghTVY[¡indbdbi#`jkV]yhY7pqcVd¥gJ§
 C¶    	  7   8
α ≥ 0
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0 ≤ α < 1/2
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p#pughenyug##`jgqT .54Q§ %0°§?Si]gqTV`fp#YXk s£¢ 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enk s pu`bW`jdferyhdjt ¢







































|v − v′| = a(y, y′).
­ kgqTVYingqTVY7y#Terk s£¢ `¥gG`fp#v	dbY7eny4gqTerg
a
`bp4Hinck s Y s iQk
Y 2δ,R
























α ∈ [0, 1/2)
§
ut
 C¶    	* 7 
α ∈ [0, 1]
	
γ ∈ R






















myqiair<ir0¯¨YXWW¦e¦|§"4enk s gqTVYpqcVe sVs `jgq`b2`jg{tin
u 7→ uα
gqTeg
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^o`jkvXY
(α + γ)/α ≤ 1
¢ gqTY[¡cVkv°gh`jiQk
u 7→ u(α+γ)/α
`bp}pucVe sVs `jgq`bnY ¢ ¡yqiQW#TV`fvTY s Y s cv	YghTeg








= a(y, y′) .









































γ q > −3


















































































dy ≤ C(δ, R)
pq`bkv	Y
γ ≤ 0
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